Abstract. The deformability condition for submanifolds of fixed degree immersed in a graded manifold can be expressed as a system of first order PDEs. In the particular case of ruled submanifolds, we introduce a natural choice of coordinates, which allows to deeply simplify the formal expression of the system, and reduce it to a system of ODEs along a characteristic direction. We introduce a notion of higher dimensional holonomy map in analogy with the one-dimensional case [16] , and we provide a characterization for the singularities as well as a deformability criterion.
Introduction
The goal of this work is to study the deformability of a some particular kind of submanifolds immersed in an equiregular graded manifold (N, H 1 , . . . , H s ), that is a smooth manifold endowed with a flag of sub-bundles of the tangent bundle
Given p in N , each vector v ∈ T p N has degree i when v ∈ H i p but v / ∈ H i−1 p . When we consider an immersed submanifold Φ :M → N , the notion of pointwise degree coincides with the homogeneous dimension of the tangent flag given by (1.1)
, where p = Φ(p),p ∈M . In an alternative definition provided in [20] , the authors write the m-tangent vector to M = Φ(M ) as linear combination of simple m-vectors X j1 ∧· · ·∧X jm where (X 1 , . . . , X n ) is an adapted basis of T N , see [4] or (2.3) . Then the pointwise degree is the maximum of the degree of the simple m-vector whose degree is in turn given by the sum of the single vectors appearing in the wedge product. The degree of a submanifold deg(M ) is the maximum of the pointwise degree among all points in M = Φ(M ). When we deform the original submanifold producing variations Γ(p, s) we need to preserve the original degree deg(M ). This constraint on the degree gives rise to a first order system of PDEs that defines the admissibility for vector fields on M .
The simplest example of immersion is given by a curve γ : I ⊂ R → N , where its pointwise degree of the curve γ is the degree of its tangent vector γ ′ (t) at every t ∈ I. In this particular case the admissibility system is a system of ODEs along the curve γ. This restriction on vector fields produces the phenomenon of singular curves, that do not admit enough compactly supported variations in the sub-bundles determined by the original degree of γ. This issue has been addressed by L. Hus in [16] and R. Bryant and L. Hsu in [8] . These two works are based on the Griffiths formalism [13] that studies variational problems using the geometric theory of exterior differential system [6, 7] and the method of moving frames, developed by E. Cartan [9] .
In Carnot manifolds (N, H), that are a particular case of graded manifold where the flag of sub-bundles is produced by a bracket generating distribution H, the usual approach to face this problem is by means of the critical points of the endpoint map [23] . The presence of singular curves is strongly connected with the existence of abnormal geodesics, firstly established by Montgomery in [21, 22] . In the literature many papers concerning this topic have been published, just to name a few we cite [2, 1, 19, 17, 24, 3, 25] .
More precisely, L. Hsu [16] defines the singular curves as the ones along which the holonomy map fails to be surjective. This holonomy map studies the controllability along the curve restricted to [a, b] ⊂ I of a system of ODEs embodying the constraint on sub-bundles determined by the degree. In [10, Section 5] the authors revisited this construction and defined an admissible vector field as a solution of this system. A powerful characterization of singular curves in terms of solutions of ODEs is given by [16, Theorem 6] . On the other hand, when a curve γ is regular restricted to [a, b] , [16, Theorem 3] ensures that for any compactly supported admissible vector field V on [a, b] there exists a variation, preserving the original degree of γ, whose variational vector field is V .
The deformability problem of a higher dimensional immersion Φ :M → N has been first studied in [11] . The admissibility system of first order linear PDEs, which expresses in coordinates this condition, is not easy to study. Although, in Proposition 6.4 of [11] it is guaranteed that this admissibility system is independent on the choice of metric g on T N . Moreover, [11, Proposition 5.5] shows that only the transversal part V ⊥ of the vector field V = V ⊤ +V ⊥ affects the admissibility system. Therefore, in the present work we consider an adapted tangent basis E 1 , . . . , E m for the flag (1.1) and then we add transversal vector fields V m+1 , . . . , V n of increasing degrees so that a sorting of {E 1 , . . . , E m , V m+1 , . . . , V n } is a local adapted basis for N . Then we consider the metric g that makes E 1 , . . . , E m , V m+1 , . . . , V n an orthonormal basis. Hence we obtain that the admissibility system is equivalent to
2) the integer k, defined after (3.1), separates the horizontal control of the systems
The presence of isolated submanifolds and a mild deformability theorem under the strong regularity assumption are showed in [11] . However, the definition of singularity for immersed submanifolds, analogous to the one provided by [16] in the case of curves, is missing. Therefore the natural question that arises is whether it is possible to define a generalization of the holonomy map for submanifolds of dimension grater than one, whose surjection still implies a deformability theorem in the style of [16, Theorem 3] .
In the present paper we answer this question in the cases of ruled m-dimensional submanifolds whose (m − 1) tangent vector fields E 2 , . . . , E m have degree s and fill up the last layer of the graded manifold (N, H 1 , . . . , H s ) and the first vector field E 1 has degree equal to ι 0 , where 1 ι 0 s − 1. The resulting degree is deg(M ) = (m − 1)s + ι 0 . Therefore the ruled submanifold is foliated by curves of degree ι 0 out of the characteristic set M 0 , whose points have degree strictly less than deg(M ). Then, under a logarithmic change of coordinates x = (x 1 ,x), the admissibility system (1.2) becomes
where ∂ x1 is the partial derivative in the direction E 1 , G are the horizontal coordinates V h = m+k l=m+1 g l V l , F are the vertical components given by V v = n r=m+k+1 f r V r and A, B are matrices defined at the end of Section 4. Therefore, this system of ODEs is easy to solve in the direction ∂ x1 perpendicular to the (m − 1) foliation generated by E 2 , . . . , E m . We consider a bounded open set Σ 0 ⊂ {x 1 = 0} in the foliation, then we build the ε-cylinder Ω ε = {(x 1 ,x) :x ∈ Σ 0 , 0 < x 1 < ε} over Σ 0 . We consider the horizontal controls G in the space of continuous functions compactly supported in Ω ε . For each fixed G , F is the solution of (1.3) vanishing on Σ 0 . Then the image of the higher dimensional holonomy map H ε M is the solution F , evaluated on the top of the cylinder Ω ε . We say that a ruled submanifold is regular when the holonomy map is surjective, namely we are able to generate all possible compactly supported continuous vertical functions on Σ ε ⊂ {x 1 = ε} by letting vary the control G in the space of compactly supported continuous horizontal functions inside the cylinder Ω ε . The main difference with the one dimensional case is that the target space of the holonomy map is now the Banach space of compactly supported continuous vertical vector fields on the foliation instead of the finite vertical space of vectors at the final point γ(b) of the curve. In Theorem 5.7 we provide a nice characterization of singular ruled submaifolds in analogy with [16, Theorem 6] . Moreover, if s − 3 ι 0 s − 1 the space of m-vector fields of degree grater than deg(M ) is reasonably simple, thus in Theorem 6.5 we show that each admissible vector field on a regular immersed ruled submaifold is integrable in the spirit of [16, Theorem 3] .
The paper is organized as follows. In Section 2 we recall the definitions of graded manifolds, degree of a submanifold, admissible variations and admissible vector fields. In Section 3 we deduce the admissibility system (1.2). In Section 4 we provide the definition of ruled submanifolds. Section 5 is completely devoted to description of the higher-dimensional holonomy map and characterization of regular and singular ruled submanifolds. Finally, in Section 6 we give the proof of Theorem 6.5.
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Preliminaries
Let N be an n-dimensional smooth manifold. Given two smooth vector fields X, Y on N , their commutator or Lie bracket is defined by [X, Y ] := XY − Y X. An increasing filtration (H i ) i∈N of the tangent bundle T N is a flag of sub-bundles (2.1)
Moreover, we say that an increasing filtration is locally finite when (iii) for each p ∈ N there exists an integer s = s(p), the step at p, satisfying H s p = T p N . Then we have the following flag of subspaces (2.2)
) is a smooth manifold N endowed with a locally finite increasing filtration, namely a flag of sub-bundles (2.1) satisfying (i),(ii) and (iii). For the sake of brevity a locally finite increasing filtration will be simply called a filtration. Setting n i (p) := dim H i p , the integer list (n 1 (p), · · · , n s (p)) is called the growth vector of the filtration (2.1) at p. When the growth vector is constant in a neighborhood of a point p ∈ N we say that p is a regular point for the filtration. We say that a filtration (H i ) on a manifold N is equiregular if the growth vector is constant in N . From now on we suppose that N is an equiregular graded manifold.
Given a vector v in T p N we say that the degree of v is equal to
p . In this case we write deg(v) = ℓ. The degree of a vector field is defined pointwise and can take different values at different points. Let (N, (H 1 , . . . , H s )) be an equiregular graded manifold. Take p ∈ N and consider an open neighborhood U of p where a local frame {X 1 , · · · , X n1 } generating H 1 is defined. Clearly the degree of X j , for j = 1, . . . , n 1 , is equal to one since the vector fields X 1 , . . . , X n1 belong to H 1 . Moreover the vector fields X 1 , . . . , X n1 also lie in H 2 , we add some vector fields
Reducing U if necessary we have that X 1 , . . . , X n2 generate H 2 in U . Iterating this procedure we obtain a basis of T M in a neighborhood of p
such that the vector fields X ni−1+1 , . . . , X ni have degree equal to i, where n 0 := 0. The basis obtained in (2.3) is called an adapted basis to the filtration (H 1 , . . . , H s ).
Given an adapted basis (X i ) 1 i n , the degree of the simple m-vector field
Any m-vector X can be expressed as a sum
where
is an ordered multi-index, and
The degree of X at p with respect to the adapted basis
It can be easily checked that the degree of X is independent of the choice of the adapted basis and it is denoted by deg(X).
If X = J λ J X J is an m-vector expressed as a linear combination of simple m-vectors X J , its projection onto the subset of m-vectors of degree d is given by
and its projection over the subset of m-vectors of degree larger than d by
In an equiregular graded manifold with a local adapted basis (X 1 , . . . , X n ), defined as in (2.3), the maximal degree that can be achieved by an m-vector, m n, [18, 20] , we define the degree of M at a point p ∈ M by
We define the singular set of a submanifold M by
Singular points can have different degrees between m and deg(M ) − 1. Following [14, 0.6 .B] an alternative way to define the pointwise degree is by means of the formula
. Namely, the degree is the homogenous dimension of the flag 
is an immersion of the same degree as Φ(M ) for small enough t, and (iii) Γ t (p) = Φ(p) forp outside a given compact subset ofM .
Definition 2.2. Given an admissible variation Γ, the associated variational vector field is defined by
Since it turns out that variational vector fields associated to an admissible variations satisfy the system (2.9) (see [ We consider e 1 , . . . , e m a basis of T p M adapted to the flag (2.7). Then we complete this basis to a basis of the ambient space T p N adding v m+1 , . . . , v n of increasing degree such that a sorting of {e 1 , . . . , e m , v m+1 , . . . , v n } is an adapted basis of T p N . Thus we extend e 1 , . . . , e m , v m+1 , . . . , v n to vector fields E 1 , . . . , E m , V m+1 , . . . , V n so that their sorting is still adapted in a neighborhood of p. Then we consider the metric g = ·, · that makes E 1 , . . . , E m , V m+1 , . . . , V n an orthonormal basis in a neighborhood U of p. Given a generic vector field W transversal to T M , the only simple m-vectors of degree strictly greater than d whose scalar product with
are candidate to be different from zero are
. . , n, where k is defined in (3.2). Therefore we deduce that the candidates simple m-vector of degree strictly greater than d whose scalar product against (3.3) is different from zero are 
is admissible. Therefore putting V ⊥ in (2.9) we obtain
Then we have thatc ijtα is equal to 1 for i = t > m + k, α = j and deg(V i ) > deg(E j ) or equal to zero otherwise. Moreover, we notice thatã ijhα andb ijrα are different from zero only when α = j and in particular we have
for i, r = m + k + 1, . . . , n and deg(V i ) > deg(E j ). Therefore V is admissible if and only if (3.6)
a ijh g h , for i = m + k + 1, . . . , n and deg(V i ) > deg(E j ).
Ruled submanifolds in graded manifolds
Let (N, H 1 , . . . , H s ) be an equiregular graded manifold. We consider an immersion Φ :M → N such that
where m = dim(M ). Furthermore we assume n s − n s−1 = m − 1, where n s = dim(H s ) and n s−1 = dim(H s−1 ). Let p be a point of maximum degree in M . Let e 1 , . . . , e m be a basis of T p M adapted to the flag (2.7). Therefore deg(e 1 ) = ι 0 and deg(e j ) = s for j = 2, . . . , m and k = n ι0 − 1. Then we follow the construction described in Section 3 to provide the metric g and the orthonormal basis E 1 , . . . , E m , V m+1 , . . . , V n whose sorting is an adapted basis. Since deg(E j ) deg(V i ) for each j = 2, . . . , m and i = m + k + 1, . . . , n, the only derivative that appears in (3.6) is E 1 . Therefore we deduce that a vector field V ⊥ , given by equation (3.4), is admissible if and only if it satisfies (4.2)
a i1h g h = 0, for i = m + k + 1, . . . , n and
. Given p in M each point q in a local neighborhood U of p in M can be reached using the exponential map as follows
On this open neighborhood U we consider the local coordinates x = (x 1 , x 2 , . . . , x m ) given by logarithmic map Ξ. We setx := (x 2 , . . . , x m ). Given a relative compact open subset Ω ⊂⊂ Ξ(U ) we consider Σ 0 = {x 1 = 0} ∩ Ω be the (m − 1)-dimensional leaf normal to E 1 . Then there exists ε > 0 so that the closure of the cylinder
is contained in Ξ(U ). Then Σ ε = {(ε,x) :x ∈ Σ 0 } is the top of the cylinder. Since dΞ(E 1 ) = ∂ x1 in this logarithmic coordinates the admissibility system (4.2) is given by
where we set
and we denote by B the (n − m − k) square matrix whose entries are b i1r , by A the (n − m − k) × k matrix whose entries are a i1h .
The high dimensional holonomy map for ruled submanifolds
Let Ω ε be the open cylinder defined in (4.3) and T Σ0 (f ) = f (0, ·) and T Σε (f ) = f (ε, ·) be the operators that evaluate functions at x 1 = 0 and at x 1 = ε, respectively. Then we consider the following spaces:
3. V(Σ ε ) is the set of compactly supported vertical vector fields in C 0 (Σ ε , R n−m−k ) normal to M . Therefore the Cauchy problem allows us to define the holonomy type map
, in the following way: we consider a horizontal compactly supported continuous vector
we fix the initial condition Y v (0,x) = 0. Then there exists a unique solution
of the admissibility system (4.4) with initial condition Y v (0,x) = 0. Letting
be the evaluating operator for vertical vectors fields at Proof. Assume that the holonomy map is not surjective. The representation formula (5.2) allows us to deduce that the linear map H ε Σ is closed, since the limit of integrals of an uniform sequence of continuos functions converges to the integral of the uniform limit of the sequence. Since the dual of the space of compactly supported continuous functions is the space of Radon measures (see [12, Chapter 7] ), by Lemma 5.5 there exists a Radon measure µ = 0 and a continuous row vector Γ(x) such that
As this formula holds for any G(t,x), we have Γ(x)Ã(t,x) = 0 for all t ∈ [a, b] and µ-a.e. inx. Since the supp(µ) = ∅ there existsx 0 ∈ supp(µ) such that Γ(x 0 )Ã(t,x 0 ) = 0, then their columns are contained in the hyperplane of R n−m−k determined by Γ(x 0 ). Hence we deduce thatÃ is not linearly full.
Conversely, assume thatÃ is not linearly full. Then there exist a pointx 0 ∈ Σ 0 and a row vector with (n − m − k) coordinates Γ = 0 such that ΓÃ(x 1 ,x 0 ) = 0 for all x 1 ∈ [0, ε]. Then, denoting by δx 0 (ϕ) = ϕ(x 0 ) the delta distribution, we have
Since the Radon measure δx 0 annihilates the image of the holonomy map by Lemma 5.5 we conclude that the holonomy map is not surjective.
The following result provides a useful characterization of non-regularity Theorem 5.7. The immersion Φ restricted toΩ ε is non-regular if and only if there exist a pointx 0 ∈ Σ 0 and a row vector field Λ(x 1 ,x 0 ) = 0 for all x 1 ∈ [0, ε] that solves the following system
Proof. Assume that Φ restricted toΩ ε is non-regular, then by Proposition 5.6 there exist a pointx 0 ∈ Σ 0 and a row vector Γ = 0 such that
Since Γ is a constant vector and D(x 1 ,x 0 ) is a regular matrix by Lemma 5. 
Clearly the unique solution of this system is Ψx 0 (t) ≡ 0. Hence we conclude that ΓÃ(x 1 ,x 0 ) = 0. ThusÃ(x 1 ,x 0 ) is not fully linear and by Proposition 5.6 we are done.
6. Integrability of admissible vector fields for a ruled regular submanifold Remark 6.1. Since n s − n s−1 = m − 1 and the condition (6.1) holds we have that the only simple m-vectors of degree strictly grater than deg(M ) are
. . , n. When ι 0 = s − 1 the submanifold has maximum degree therefore all vector fields are admissible, thus there are no singular submanifold.
Keeping the previous notation we now consider the following spaces
where the norm is given by
is the set of elements given by
where z i ∈ C(Ω ε ) vanishing on Σ 0 .
We denote by Π d the orthogonal projection over the space Λ(Σ 0 ), that is the bundle over the vector space of simple m-vectors of degree strictly grater than d, thanks to Remark 6.1. Then we set
and Γ(Y )(p) = exp Φ(p) (Y p ). Observe that now F (Y ) = 0 implies that the degree of the variation Γ(Y ) is less than or equal to d. Then
where DF (0)Y is given by
Observe that DF ( 
To show that DG ( 
Proof. We write
Then Y v is a solution of the ODE (4.4) given by
where B(x), A(x) are defined after (4.5), F , G are defined in (4.5) and we set
Since Y v (0,x) = 0 an Y v solves (6.4) in (0, ε), by Lemma 6.4 there exists a constant K such that (6.5)
where A(t, λ) is a d × d continuos matrix on [0, ε] × E and c(t, λ) a continuos vector field on [0, ε] × E. We denote by u ′ the partial derivative ∂ t u . Then, there exists a constant K such that (6.7)
Proof. We start from the case r = 1. By [15, Lemma 4.1] it follows
A(s,λ) ds| , for each λ ∈ E and where the norm of A is given by sup |x|=1 |A x|. Therefore we have (6.8) sup
Since u is a solution of (6.6) it follows (6.9) sup
Hence by (6.8) and (6.9) we obtain
Finally, we use the previous constructions to give a criterion for the integrability of admissible vector fields along a horizontal curve. Let now s − 3 ι 0 s − 2. Let us take V vector field on Ω ε and
vector fields equi-bounded in the supremum norm onΩ ε . Let l 1 (R) the space of summable sequences. We consider the map
The mapG is continuous with respect to the product norms (on each factor we put the natural norm, the Euclidean one on the interval, the l 1 norm and || · || ∞ and || · || 1 in the spaces of vectors on Ω). Moreover on Ω ε are vertical and admissible. Since they vanish at (0,x), they are identically 0.
Since the holonomy map is surjective we choose
on Ω ε such that {T Σε (V 
